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Abstract
We have performed calculations of nonlinear optical absorption and nonlin-
ear optical rectification of an exciton in a nanoring in the presence of the
magnetic flux. Our results show that one can control properties of nonlinear
optical absorption and nonlinear optical rectification of a nanoring by tun-
ing outer and inner radius. In addition, we also find that nonlinear optical
properties of a nanoring can be modulated by the magnetic flux through
nanoring.
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Rectification, Exciton
1. Introduction
As we know, a charged particle walking through a region where only mag-
netic flux exists acquires a phase. We call this Aharonov-Bohm effect (ABE).
Since Aharonov and Bohm [1] proposed an experiment to assess the manifes-
tations of the electromagnetic potential in the quantum mechanics in 1959,
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some work [2-4] has been investigated by researchers, and they concluded
that all observable phenomena are modulated by the magnetic flux through
region, and that these phenomena with respect to Φ/Φ0 demonstrate period
with magnetic flux quantum Φ0 = hc/e. With the advance of lithography
and semiconductor growth techniques, the nanoring-like devices [5-8] have
been realized experimentally. Due to unique character of the nanoring, the
self-assembled quantum ring has become the best ideal candidate to observe
Aharonov-Bohm (A-B) oscillation [9-11].
In 1995, Chaplik [12] first put forward predication that the neutral ex-
citon can exhibit A-B oscillator behavior in one-dimensional quantum ring.
And subsequently similar results were found in the literature [13] where a
short-range interaction potential has been employed. Over the last decade,
some researchers had paid their attention to A-B effect of neutral exciton in
two-dimensional quantum ring. For instance, Hu et al [9] theoretically stud-
ied the magnetic field effects on exciton in an InAs nanoring, They found
that the A-B effect of exciton only exists in a finite (but small) width nanor-
ing in the presence of Coulomb correlation. Ribeiro et al [14] experimen-
tally presented a magneto-photoluminescence study of type-II InP/GaAs
self-assembled quantum dot, which revealed that A-B type oscillations for
neutral excitons when angular momentum of hole ground state ranges from
lh = 0 to lh = 1, 2, and 3. Dias da Silva et al [15] reported impurity effects on
the A-B optical signatures of neutral quantum ring magnetoexcitons. Their
results, on the one hand, show that energy and oscillator strength of neutral
excitons are strongly modulated by the magnetic field. On the other hand,
scattering impurity enhances the photoluminescence (PL) intensity on oth-
erwise ”dark” magnetic field windows and nonzero PL emission appears for
a wide magnetic field range even at zero temperature. Recently Ding et al
[10] has investigated the magneto-PL study of a single self-assembled semi-
conductor quantum ring which is realized by in situ AsBr3 etching [16] and
experimentally observed the A-B type oscillations in the photoluminescence
energy. As mentioned above, studies about A-B effect are mainly focused on
energy and oscillator strength of an exciton in a nanoring. The research into
A-B effect on nonlinear optical properties has been rarely reported so far.
Understanding nonlinear optical properties of an exciton in a nanoring is of
significance for designing optical devices. Hence, it is of interest to study the
nonlinear optical properties of an exciton in a nanoring. In the present work,
we will focus on studying nonlinear optical absorption and nonlinear optical
rectification of an exciton in a nanoring.
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The paper is organized as follows: in section 2 we describe the model and
theoretical framework, section 3 is dedicated to the results and discussions,
and finally, our conclusions are given in section 4.
2. Model and calculations
2.1. Exciton in a nanoring
Here we are concerned with a nanoring with Winternitz-Smorodinsky
confinement potential. In the presence of a magnetic field applied along
z-direction, Hamiltonian of single article reads
Hˆ =
1
2µ
[
p+
e
c
A
]2
+ V (r), (1)
In Eq.(1), µ is effective mass, e is the electron charge, c is the speed of light
in vacuum, A is magnetic vector potential. V (r) is given by reference [17]
V (r) =
α
r2
+ βr2 − 2
√
αβ, if α(ϕ) = constant. (2)
It should be noted that α and β are the confinement potential parameters
which are connected with the outer radius R2 and inner radius R1 by the
following relations [17]
βR21 +
α
R21
− 2
√
αβ = U, (3)
βR22 +
α
R22
− 2
√
αβ = U. (4)
Where for electron U = 0.19952meV and for hole U = 0.29928meV . When
the magnetic vector potential A is chosen as A = 1
2
Brϕˆ+ Φ
2pir
ϕˆ and applying
the polar coordinates, the Hamiltonian can be rewritten as
Hˆ = −
~
2
2µ
[
1
r
∂
∂r
(r
∂
∂r
)+
1
r2
(
∂
∂ϕ
+ i
Φ
Φ0
)2] + i
eB~
2µc
(
∂
∂ϕ
+ i
Φ
Φ0
)−
e2B2r2
8µc2
+V (r),
where Φ0 =
hc
e
is magnetic flux quantum. According to Schro¨dinger equation
HΨ = EΨ. (5)
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We can obtain wave function and energy spectrum of single as follows:
Ψ(r, ϕ) =
1
λ
√
Γ[nr +M + 1]
2M+1nr!(Γ[M + 1])2pi
(
r
λ
)Me−
r
2
4λ2F (−nr,M+1;
r2
2λ2
)eimϕ, (6)
Enrm = (nr +
M
2
+
1
2
)~ω −
m− Φ
Φ0
2
~ωc − 2
√
αβ. (7)
Where
M =
√
(m−
Φ
Φ0
)2 +
2αµ
~2
. (8)
In Eq. (7), F (x, y; z) is the confluent hypergeometric function. nr = 0, 1, 2, · · ·
is the radial quantum number, m = 0,±1,±2, · · · is the magnetic quantum
number.
With
ω =
√
ω2c +
8β
µ
, (9)
and
λ =
√
~
µω
, (10)
denoting the effective cyclotron frequency and effective magnetic length, re-
spectively.
For an exciton in a nanoring, the Hamiltonian can be written as
H =
1
2µe
(P+
eA
c
)2 +
1
2µh
(P−
eA
c
)2 + V (r)−
e2
ε|re − rh|
. (11)
Here we assume that electron and hole are confined by the same potential.
And the last term in right-hand of Eq. (12) is assumed to be perturba-
tion. According to perturbation method, We can obtain the correction from
Coulomb interaction to energy[17].
2.2. Oscillator strength
The oscillator strength [18] is a very important physical quantity in the
study of the optical properties which are related to the electronic dipole-
allowed transitions. Generally, the oscillator strength Pfi is defined as
Pfi =
4µ
~2
Efi|Mfi|
2, (12)
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where Efi = Ef − Ei denotes the energy difference between the initial state
and the final state, and Mfi = e < Ψi|r|Ψf > is the electric dipole moment
of the transition from the Ψi state to the Ψf state.
2.3. Nonlinear optical rectification and nonlinear optical absorp-
tion in a nanoring
Based on the density matrix approach and the perturbation expansion
method, the second-order nonlinear optical rectification coefficient is given
by [19,20]
χ20 =
4σsM
2
fiδfi(E
2
fi(1 +
T1
T2
) + [(~ω)2 + ( ~
T2
)2](T1
T2
− 1))
ε0[(Efi − ~ω)2 + (
~
T2
)2][(Efi + ~ω)2 + (
~
T2
)2]
. (13)
In the present work, we also performed calculation of the intensity-dependent
resonant peaks of the nonlinear optical absorption and nonlinear optical rec-
tification coefficient which are given by reference [21]
χ20,max = ξ0(ω = ωfi, I = 0) =
2σsM
2
fiδfiT1T2
ε0~2
, (14)
and
αmax = α(ω = ωfi, I = 0) =
σsEfiM
2
fiT2
~2ε0cnr
. (15)
Where ε0 is the vacuum permittivity, nr is the refractive index of semicon-
ductor. σs denotes the electron density in the nanoring. In addition, T1 and
T2 are the longitudinal and the transverse relaxation times, respectively. In
the calculation, we set the relaxation time at T1 = 1ps, T2 = 0.2ps.
3. Results and Discussions
Our calculations are performed for Al0.4Ga0.6As nanoring. The parame-
ters [17,22] chosen in this work are the followings: µe = 0.067µ0, µh = 0.082µ0
where µ0 is the free electron mass. ρ = 3× 10
24m−3, nr = 3.2, ε = 12.9.
In Fig. 1, we plotted transition energy as a function of inner radius R1,
outer radius R2, respectively, for two different magnetic field B = 5T , 20T .
From this figure, we can find that transition energy has a continuous increase
with respect to inner radius for a fixed outer radius, while that transition
energy is reduced for the fixed inner radius as outer radius increases. Here
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we define width of a nanoring by the difference in size between outer radius
and inner radius ∆r = R2 − R1. It should be noted that transition energy
is not almost affected by the variations of inner or outer radius when ∆r
is greater than 15nm. Also it can be easily seen that transition energy
suddenly becomes very large when ∆r is very narrow (around 1nm). The
physical origins, for these behaviors, can be interpreted in the following way.
For wider ring, exciton moving in the ring can be considered to be two-
dimensional, while for narrower ring, one can take exciton as one-dimensional.
Two-dimensional nanoring evolves into one-dimensional when width of the
nanoring continuously decreases. In addition, in fig. 1, the magnetic field has
no influence on the transition energy of an exciton. Fig. 2 shows oscillator
strength as a function of outer radius R2, inner radius R1, respectively, for
two different magnetic field B = 5T , 20T . We find from this figure that
oscillator strength with respect to inner or outer radius has similar behaviors
as shown in Fig. 1. The reasons are that there is a greater probability of
transition between the initial and the final state when exciton moves in a
narrower ring. In Fig. 3, oscillator strength as a function of magnetic flux
Φ/Φ0 with R1 = 5nm and R2 = 25nm. It is easily seen from this figure that
oscillator strength decreases with increasing Φ/Φ0. But the Aharonov-Bohm
oscillations of exciton is not observed in the nanoring. We can provide this
phenomenon with the reason. Electron and hole are confined to the same
potential in the nanoring and move over same path, leading to zero in electric
dipole moment [23]. Magnetic flux through nanoring has an effect on wave
function of electron and hole. Hence, the probability of transition between
different states in a nanoring is dependent on magnetic flux.
In Fig. 4, nonlinear optical absorption was presented as a function of inner
radius R1, outer radius R2, respectively, for magnetic field B = 5T . We see
that nonlinear optical absorption is not sensitive to the variations of inner
or outer radius for the wider ring, while that nonlinear optical absorption
instantly become very huge when ∆r is reduced to be quite narrow and can
be taken as one-dimensional. And Fig. 5 demonstrates that nonlinear optical
absorption with respect to magnetic flux Φ/Φ0 with three different widths
of a ring. It is clearly seen that effect of magnetic flux on the nonlinear
absorption can be tuned by the width of a ring. So we can tune the outer
and inner radius to meet special needs in experiment, which is very significant
in designing devices.
In Fig. 6, nonlinear optical rectification was plotted as a function of
photon energy with magnetic field for three different ∆r. We note from this
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figure that the magnitude of resonant peak of nonlinear rectification increases
as ∆r increases. Also, the position of resonant peak of nonlinear optical rec-
tification has a blue shift, which is modulated by width of a ring. In addition,
we also observe that the magnitudes of resonant peak are far less than results
from literature [21] where parabolic confinement potential is employed to con-
fine electron and hole. And this indicates that the Winternitz-Smorodinsky
potential is not realistic in crystal. Fig. 7 shows nonlinear optical rectifi-
cation as a function of inner radius R1, outer radius R2, respectively, for
magnetic field B = 5T . When outer radius is set at 31nm, nonlinear optical
rectification is negative and decreases with inner radius ranging from 0nm
to 5nm. And then the nonlinear rectification monotonously increases with
increasing inner radius. In addition, we also see that the nonlinear optical
rectification monotonously decreases with outer radius for a fixed R1. Fi-
nally, we shows nonlinear optical rectification as a function of magnetic flux
Φ/Φ0 for R1 = 5nm and R2 = 50nm in Fig. 8. From this figure, we can see
that the nonlinear rectification increases with respect to Φ/Φ0. And no A-B
oscillation is observed in this figure.
4. Summary
We have investigated the effects of magnetic flux, size of quantum ring on
transition energy, oscillator strength, nonlinear optical absorption and non-
linear optical rectification of exciton in a nanoring withWinternitz-Smorodinsky
confinement potential. Our results show that transition energy, oscillator
strength, nonlinear optical absorption and nonlinear optical rectification are
strongly affected by width of a nanoring, and that one can control these prop-
erties of a nanoring by modulating the outer or inner radius to meet special
needs in designing electro-optical devices. In addition, it is found that the
magnetic flux can tune transition energy, oscillator strength, nonlinear opti-
cal absorption and nonlinear optical rectification of a nanoring.
In conclusion, the properties of an exciton in nanoring are strongly de-
pendent on width of a ring and magnetic flux. Finally we hope our research
can stimulate further studies in nonlinear optical properties of a nanoring.
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6. caption
Fig. 1. Transition energy as a function of inner radius R1, outer radius
R2, respectively, for two different magnetic field B = 5T , 20T .
Fig. 2. Oscillator strength as a function of inner radius R1, outer radius
R2, respectively, for two different magnetic field B = 5T , 20T .
Fig. 3. Oscillator strength as a function of magnetic flux Φ/Φ0 with
R1 = 5nm and R2 = 25nm.
Fig. 4. Nonlinear optical absorption was presented as a function of inner
radius R1, outer radius R2, respectively, for magnetic field B = 5T .
Fig. 5. Nonlinear optical absorption with respect to magnetic flux Φ/Φ0
with three different widths of ring.
Fig. 6. Nonlinear optical rectification was plotted as a function of photon
energy with magnetic field for three different widths of ring.
Fig. 7. Nonlinear optical rectification as a function of inner radius R1,
outer radius R2, respectively, for magnetic field B = 5T .
Fig. 8. Nonlinear optical rectification as a function of magnetic flux Φ/Φ0
for R1 = 5nm and R2 = 50nm.
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Figure 1: Transition energy as a function of inner radius R1, outer radius R2, respectively,
for two different magnetic field B = 5T , 20T .
11
30 35 40 45 50 55 60 65
0
20
40
60
80
100
0 5 10 15 20 25 30
0
20
40
60
80
100
O
sc
ill
at
or
 s
tre
ng
th
 (1
0-
45
)
Outer radius R
2
  (nm)
 B=5T
 B=20T
R
1
=30nm
O
sc
ill
at
or
 s
tre
ng
th
 (1
0-
45
)
Inner radius R
1
  (nm)
R
2
=31 nm
 B=5T
 B=20T
Figure 2: Oscillator strength as a function of inner radius R1, outer radius R2, respectively,
for two different magnetic field B = 5T , 20T .
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R2 = 25nm.
13
0 5 10 15 20 25 30
0
1000
2000
3000
4000
5000
6000
35 40 45 50 55 60
0
1000
2000
3000
4000
5000
6000
m
ax
 (1
02
 m
-1
)
Inner radius R
1
 (nm)
R
2
=31nm
B=5T
Outer radius R
2
 (nm)
m
ax
 (1
02
 m
-1
)
R
1
=30nm
B=5T
Figure 4: Nonlinear optical absorption was presented as a function of inner radius R1,
outer radius R2, respectively, for magnetic field B = 5T .
14
-2 -1 0 1 2
0
10
20
30
40
50
60
m
ax
 (1
02
 m
-1
)
 R
1
=5nm   R
2
=25nm
 R
1
=24nm R
2
=25nm
  R
1
=5nm   R
2
=50nm
102
-2 -1 0 1 2
0
10
20
30
40
50
60
Figure 5: Nonlinear optical absorption with respect to magnetic flux Φ/Φ0 with three
different widths of ring.
15
2 3 4 5 6 7 8 9 10 11 12
0
50
100
150
200
250
300
350
10-43
10-46
  (
nm
/V
)
 (meV)
  R
1
=5nm   R
2
=35nm
  R
1
=25nm  R
2
=35nm
  R
1
=25nm  R
2
=50nm
10-43
B=5T
Figure 6: Nonlinear optical rectification was plotted as a function of photon energy with
magnetic field for three different widths of ring.
16
0 2 4 6 8 10 12
-200
0
200
400
600
800
1000
54 56 58 60 62 64 66
5000
10000
15000
20000
25000
30000
35000
40000
45000
50000 Inner radius R
1
(nm)
0,
m
ax
 (m
n/
V
)
R
2
=31nm
 
B=5T
Outer radius R
2
 (nm)
0,
m
ax
 (m
n/
V
)
R
1
=30nm
 
B=5T
Figure 7: Nonlinear optical rectification as a function of inner radius R1, outer radius R2,
respectively, for magnetic field B = 5T .
17
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0
100000
200000
300000
400000
500000
600000
R
2
=50nm
0,
m
ax
 (m
n/
V
)
R
1
=5nm
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0
100000
200000
300000
400000
500000
600000
Figure 8: Nonlinear optical rectification as a function of magnetic flux Φ/Φ0 for R1 = 5nm
and R2 = 50nm.
18
